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Abstract
A non-perturbative one gluon exchange quark-antiquark interaction is considered to compute one loop polar-
ization corrections to the flavor U(3) NJL-type interaction with non degenerate u-d-s constituent quark masses
of the form Gij,Γ(ψ¯λiΓψ)(ψ¯λjΓψ) for i, j = 0...8 and Γ = I, iγ5. The effective NJL-type coupling constants in all
channels are resolved in the long-wavelength limit and numerical results are presented for different choices of the
effective gluon propagator. In most cases, there are similar patterns for different effective gluon propagators, in
particular a very large enhancement of pseudoscalar mixing G08, that corresponds to the η − η
′ mixing channel,
in the very large strange constituent quark mass limit M∗s →∞. Scalar channel couplings Gij,s are weaker than
pseudoscalar ones, channel G88,s becomes eventually repulsive, and present less systematic behavior. Large mixing
parameters of the scalar channels Gi6=j,s are also obtained but already for phenomenological values of constituent
quark masses depending on the gluon propagator.
1 Introduction
Theoretical predictions for low energy Strong Interacting systems have important support from QCD effective
models among which Nambu-Jona-Lasinio (NJL) type models [1, 2, 3]. They are suitable for describing phenomena
related to the dynamical chiral symmetry breaking according to which constituent quarks can be defined and many
hadrons properties are obtained in quite good agreement with experimental values. In addition to the explicit chiral
and flavor symmetry breakings due to the non-degenerate current quark mass, the couplings to electromagnetic
fields also break these symmetries contributing to masses [2, 4] and coupling constant [5]. NJL can be obtained
from QCD calculations in a variety of ways, for example [6, 7, 8, 9, 10, 11] being that gluon exchange between
quarks is currently believed to be the main fundamental process. Lately, an effective gluon mass was found to be
appropriated to parameterize the deep infrared behavior of an gluon propagator and quark-NJL coupling constant
has been identified to roughly G ∝ 1/M2G. Besides a lack of more complete understanding of the infrared behavior
one also has to deal with the ambiguity of dealing with the guark-gluon running coupling behavior together with
the missing precise confinement mechanism. Therefore it becomes interesting to consider effective confining gluon
propagators to provide numerical estimates for hadron properties.
However, since flavor and chiral symmetries are (slightly) broken for light hadrons, coupling constants might
also be expected to receive flavor-dependent contributions from quantum effects. Schwinger-Dyson equations (SDE)
approach for light and heavy hadrons indicates couplings constants might be flavor dependent [12] although usually
one needs to consider flavor dependent regularizing factors (cutoffs) in the heavy-flavors [13, 14, 15]. This type of
coupling constant non degeneracy might be expected to appear for light u,d and s quarks from polarization processes
even if small.
In the present paper chiral and flavor explicit symmetry breaking contributions to the NJL coupling constant are
derived by considering vacuum polarization process in a flavor U(3) model in which quark-antiquark interaction is
mediated by a (non-perturbative) gluon exchange. An effective non-perturbative gluon propagator will be considered
such as to incorporate to some extent higher order non-Abelian dynamics. It has been shown that non-perturbative
parameterizations of the gluon propagator yield dynamical chiral symmetry breaking [16, 17, 18, 19] and this is a
crucial requirement for them. It provides the large constituent quark mass due to a gluon cloud. Furthermore,
the approach considered here provides a natural path to Schwinger-Dyson and Bethe-Salpeter equations for the
detailed investigation of hadron structure and interactions [20, 21]. The method extends previous works for u-d-s
non-degenerate or u-d degenerate quarks [7, 22]. In the next section the logics of the calculation is only outlined
because it has been shown with details in previous works of the author [7, 22, 23, 24]. In Section 3 numerical results
are presented for two different effective gluon propagators with a discussion of the results.
1
2 Quark determinant and leading current-current interactions
The following low energy quark effective action with non-perturbative gluon exchange [20, 21] will be considered:
Z = N
∫
D [ψ¯, ψ] exp i ∫
x
[
ψ¯
(
i/∂ −mf
)
ψ − g
2
2
∫
y
jbµ(x)R˜
µν
bc (x − y)jcν(y) + ψ¯J + J∗ψ
]
, (1)
Where the color quark current is jµa = ψ¯λaγ
µψ, the sums in color, flavor and Dirac indices are implicit,
∫
x stands for∫
d4x, a, b... = 1, ...(N2c −1) stand for color in the adjoint representation, and mf is the quark current masses matrix,
f = u, d and s, [25] being that i, j, k = 0, 1.., N2f − 1 will be used for U(Nf = 3) flavor indices. In several gauges
the gluon kernel can be written in terms of the transversal and longitudinal components in momentum space, RT (k)
and RL(k), as: R˜
µν
ab (k) = δab
[(
gµν − kµkνk2
)
RT (k) +
kµkν
k2 RL(k)
]
. Even if other terms arise from the non Abelian
structure of the gluon sector, the quark-quark interaction (1) is a leading term of the QCD effective action. The use of
a dressed (non-perturbative) gluon propagator already takes into account non-Abelian contributions that garantees
important effects. Among these, it will be assumed and required that this dressed gluon propagator provides enough
strength for DChSB as obtained for example in [16, 17, 18, 19, 26]. To some extent the present work will follow
previous developments by adopting the background field method to introduce the background quarks that, dressed
by gluons, give rise to the constituent quarks.
The usual treatment, that is usually also adopted in NJL-type models, to explore the flavor structure of the
interaction in the action (1), that will be denoted by Ω, is adopted and a Fierz transformation is performed for the
quark-antiquark channel resulting in F(Ω) = ΩF . We are only interested in this work in the color-singlet scalar-
pseudoscalar sector and vector and axial currents are neglected. Color non-singlet terms are suppressed by a factor
1/Nc. The following bilocal currents are needed to describe the resulting terms: j
q
i (x, y) = ψ¯(x)λiΓ
qψ(y) where
q = s, p, v, a, for scalar, pseudoscalar, vector and axial channels: Γs = λiI4 (with the 4x4 Dirac identity), Γp = iγ5λi,
where λi are the flavor SU(3) Gell Mann matrices (i = 1...8) and λ0 =
√
2/3I. The resulting s and p non local
interactions ΩF are the following: ΩF = 4αg
2
{[
jiS(x, y)j
i
S(y, x) + j
i
P (x, y)j
i
P (y, x)
]
R(x− y)}, where α = 2/9 and
R(x− y) ≡ R = 3RT (x− y) +RL(x − y).
Next, the quark field will be split into the background field, ψ1 constituent quark, and the sea quark field, ψ2,
that might either form light mesons and the chiral condensate This sort of decomposition is not exclusive to the
background field method (BFM) and it is found in other approaches [27]. At the one loop BFM level it is enough to
perform this splitting for the bilinears ψ¯Γqψ [28, 29], and it can be written that:
ψ¯Γqψ → (ψ¯Γqψ)2 + (ψ¯Γqψ)1, (2)
where (ψ¯ψ)2 will be treated in the usual way as sea quark of the NJL model and the full interaction ΩF is split
accordingly ΩF → Ω1 +Ω2 +Ω12 where Ω12 contains the interactions between the two components. This separation
preserves chiral symmetry, and it might not be simply a low and high energies mode separation. The auxiliary
field method makes possible to introduce the light quark-antiquark chiral states, the chiral condensate and mesons.
Therefore and it improves one loop BFM since it allows to incorporate DCSB. Because it is a standard procedure
in the field, it will not be described. The gap equation for the local limit of the scalar field allows one to define the
quark effective masses, M∗f = mf + S¯f where S¯f (f = u, d, s) are the components of the scalar quark condensate,
and the quark kernel can be written as:
S0(x− y) = (i/∂ −M∗f )−1δ(x− y). (3)
The aim of this work is to present corrections to the NJL-type interaction so that the meson sector in terms of
auxiliary fields will be neglected. The quark determinant can then be written as:
Sd = C0 − i
2
Tr ln
{(
1 + S0
(∑
q
aqΓqjq
))∗(
1 + S0
(∑
q
aqΓqjq
))}
, (4)
where the following quantities were defined:∑
q
aqΓqjq =
∑
q
aqΓqjq(x, y) = 2K0R(x− y)
[
(ψ¯(y)λiψ(x)) + iγ5λi(ψ¯(y)iγ5λiψ(x))
]
, (5)
where K0 = αg
2 and C0 =
i
2 Tr ln
[−S−10 S−10 ] that reduces to a constant in the generating functional.
A large quark mass (or alternatively weak quark current) expansion is performed by considering the zero order
derivative expansion [30] for the local limit. The first leading term of the expansion is a - non-degenerate- mass term
proportional to the mass from gap equations [24] and it will not be investigated in the present work. The second
order terms of the expansion correspond to four-fermion interactions with chiral and flavor symmetries breaking and,
in the local limit, can be written as:
L4 = Gij,s(ψ¯λiψ)(ψ¯λjψ) +Gij(ψ¯iγ5λiψ)(ψ¯iγ5λjψ), (6)
2
where the coefficients were resolved and, after a Wick rotation for the Euclidean momentum space in the (very
long-wavelength) zero momentum transfer limit, they are the following:
Gij,s = Gij +G
sb
ij = d2NcK
2
0 TrD TrF
∫
d4k
(2pi)4
S0(k)λiR(k)S0(k)λjR(k), (7)
Gij = d2NcK
2
0 TrD TrF
∫
d4k
(2pi)4
S0(k)R(k)iγ5λiS0(k)R(k)iγ5λj , (8)
where TrD, T rF are the traces in Dirac and flavor indices, dn =
(−1)n
2n , S0(k) is the Fourier transformsof S0(x − y).
The four-point interactions above in the limit of degenerate quark masses mu = md = ms reduce to those of
Ref. [22] with a different coefficient due to the SU(2) group. This way of writing Eq. (6) suggests a (non-
unambiguos) definition of a symmetric part of NJL interaction as Gij and the chiral symmetry breaking part G
sb
ij
that arises only for the scalar sector. This is not really a symmetric interaction because of the flavor symmetry
breakings for all the flavor channels i, j due to non degenerate quark masses. The quark propagator was written
as: S0(k) = (Aλ0 + Bλ3 + Cλ8)/k − (Σ0 + λ3Σ3 + λ8Σ8), where A,B,C and Σ0,Σ3,Σ8 are written in terms of the
Euclidean four-momentum and of constituent quark masses M∗f . All the integrals in Eqs. (7) and (8) are ultraviolet
(UV) finite and infrared regular if the gluon propagator contains a parameter such as a gluon effective mass or Gribov
type parameter. Gij , G
s
ij and G
sb
ij have dimension of mass
−2.
2.1 Numerical results and discussion
In the following, two parameterizations for effective gluon propagators will be considered for the numerical
calculations. Some parameters are made variable to test their contributions for the symmetry breaking corrections
to the NJL-type coupling constant.
The first gluon propagator is the Tandy-Maris one extracted from SDE calculations that is able to reproduce
many hadron observables [16, 26]. It is a transveral propagator that can be written as:
RT (k) = DI(k) =
8pi2
ω4
De−k
2/ω2 +
8pi2γmE(k
2)
ln
[
τ + (1 + k2/Λ2QCD)
2
] , (9)
where γm = 12/(33− 2Nf), Nf = 4, ΛQCD = 0.234GeV, τ = e2− 1, E(k2) = [1− exp(−k2/[4m2t ])/k2, mt = 0.5GeV ,
D = 0.553/ω (GeV2) and ω a parameter whose value has a freedom to be fixed. The role of this parameter ω was
investigated in [12] where ω ≃ 0.5 GeV was found to be suitable for light mesons and ω ≃ 0.8GeV for heavy mesons.
The following two extreme values for the parameter ω were chosen, each one with the subscript i, i.e. ωi:
DI,1 : ω = ω1 = 0.5, DI,2 : ω = ω2 = 2ω1. (10)
The second type of gluon propagator is based in a longitudinal effective confining parameterization by Cornwall
[17] that can be written as:
RL(k) = DII(k) =
KF
(k2 +M2k )
2
, (11)
where KF = (0.5
√
2pi)2/0.6 as considered in previous works [24, 29]. In the present paper, the effective gluon mass
M2k was chosen to be either a constant parameter or a function of momentum and the choices are displayed in Table
(1)
Table 1: Effective gluon mass M2k in Eq. (11) to define DII,i. It is either a parameter, cases DII,1, DII,3 and DII,5, or a
function of momentum: cases DII,6 and DII,7. K6 = 1GeV
2, K7 = 5GeV
2.
DII,1 DII,3 DII,5 DII,6 DII,7
Mk (GeV) 0.22 0.50 0.80
0.5
1+ k
2
K6
0.5
1+ k
2
K7
There is a considerable ambiguity in defining how the running quark-gluon coupling constant g2 contributes
together with the quark and gluon propagator normalizations and these yield very different absolute values of the
NJL coupling constant. To make easier the comparison of the symmetry breaking effects the following quantities will
be displayed in the Tables:
Gnij =
Gij
G11
10
, Gnij,s =
Gij,s
G11,s
10
. (12)
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Therefore the order of magnitude of coupling constants is normalized with the light quark sector Gnij=11 = 10 that
is usually adopted in the literature.
In Table (2) and (3), respectively, the set of normalized flavor dependent coupling constants Gnij and G
n
ij,s are
presented for the following set of effective quark masses: Muds = (M
∗
u ,M
∗
d ,M
∗
s ) = (0.30, 0.35, 0.45)GeV with different
effective gluon propagators. In the last two columns of these Tables two absolute values are presented: G11 or G11,s
and the flavor symmetric limit (for the averaged M∗ = 0.367GeV) for which Gij = Gsym and Gij,s = G
s
sym. These
absolute values are very very different due to the different normalizations of the each of the gluon propagators.
In Table (2) the light quark channels G11 and G33 are seen to be close to Gsym and, in fact, in the leading order
Gij=1,3 − Gsym ∝ (M
∗
d−M
∗
u
M∗
d
+M∗u
)2 that is quite small. The channels involving strange quarks have a larger deviation
from the symmetric limit because Gij=4,5,8,0 − Gsym ∝ (M
∗
s−M
∗
d
M∗s+M
∗
d
)n for (n = 1, 2), although M∗d − M∗u can also
contribute strongly mainly for the coupling constant G44. In qualitative agreement with [12] light quarks coupling
constants G11 and G33 were found to develop larger values than most of these containing at least one strange, except
for G44. There are also mixing couplings Gi6=j among the diagonal neutral channels (i, j = 0, 3, 8). They can be
related to the η − η′ − pi0 mixings and they are all proportional to the quark mass differences in the leading order:
G03 ∝ (M∗d −M∗u)/M∗, G08 ∝ (M∗s −M∗d )/M∗ and G38 ∝ (M∗d −M∗u)/M∗.
The scalar sector coupling constants Gij,s = Gij + G
sb
ij are displayed in Table (3). The resulting behavior with
the quark mass differences and with gluon effective propagator might be extremely diverse in particular for G88,s and
for the mixing-type coupling constants. Gluon propagator DII,1 yields negative values for all the coupling constants
Gij,s. Although the behavior of Gij=1,3,4,6,s are not too different from Gij=1,3,4,6, the mixing coupling constants
Gij=8,0,s have considerable differences by subtracting factors because Gij,s = Gij +G
sb
ij , i.e. G
sb
ij , have very different
behavior with u, d, s mass differences. The reason for that is the momentum structure of the quark propagator that
yields integrands with two separate terms with different signals. The mixing coupling constants Gi6=j,s have very
large relative values with respect to Gsym,s or G11,s because of the much larger contribution of the mass differences.
Seemingly, in the same way Gi6=j can be related to the η−η′−pi0 mixings, the couplings with Gi6=j,s might be related
to scalar mesons mixings. The less attractive couplings, in particular G88,s, or the larger mixing terms might be
related to the difficulty in establishing a correct description of some of the neutral light scalars as quark-antiquark
states. The detailed investigation of mesons mixings and structure is outside the scope of this work.
Table 2: Numerical results for gluon propagators DI and DII with the different set of parameters from Eq. (10) or Table
(1) by using MI (M
∗
u = 0.30 GeV, M
∗
d = 0.35 GeV, M
∗
s = 0.45 GeV).
Gluon prop Gn11 G
n
33 G
n
44 G
n
66 G
n
88 G
n
00 G
n
03 G
n
08 G
n
3,8 G11 Gsym (0.367)
GeV−2 GeV−2 GeV−2 GeV−2 GeV −2 GeV−2 GeV−2 GeV−2 GeV−2 GeV−2 GeV−2
DI,1 10.00 10.03 10.10 9.63 8.32 9.06 2.25 6.14 1.78 1396.0 1249.3
DI,2 10.00 10.04 10.08 9.68 8.50 9.17 1.98 5.51 1.57 2.54 2.31
DII,1 10.00 10.07 10.21 9.43 7.65 8.69 3.62 8.65 2.86 445.8 373.3
DII,3 10.00 10.05 10.12 9.62 8.39 7.72 2.32 6.22 1.84 8.53 7.62
DII,5 10.00 10.00 10.14 9.73 8.77 9.31 1.64 4.66 1.23 0.73 0.68
DII,6 10.00 10.00 10.06 9.61 8.38 9.09 2.12 5.82 1.68 15.40 13.86
DII,7 10.00 10.04 10.01 9.64 8.35 9.07 2.12 6.09 1.79 9.80 8.78
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Table 3: Numerical results for Gnij,s with gluon propagators DI and DII with the different set of parameters from Eq. (10)
or Table (1) by using MIII (M
∗
u = 0.30GeV, M
∗
d = 0.35GeV, M
∗
s = 0.45GeV).
Gluon prop Gn11,s G
n
33,s G
n
44,s G
n
66,s G
n
88,s G
n
00,s G
n
03,s G
n
08,s G
n
3,8,s G11,s G
s
sym (0.367)
GeV−2 GeV−2 GeV−2 GeV−2 GeV −2 GeV−2 GeV−2 GeV−2 GeV−2 GeV−2 GeV−2
DI,1 10.00 10.15 11.31 7.05 -1.12 3.79 18.54 40.57 13.89 154.6 26.5
DI,2 10.00 10.18 10.73 8.54 4.18 6.73 9.09 2.07 7.09 0.55 0.32
DII,1 10.00 9.95 10.18 9.92 9.03 9.46 0.32 2.41 0.23 -194.3 -187.8
DII,3 10.00 10.29 11.43 6.43 -3.00 2.71 22.14 47.57 1.73 0.70 0.01
DII,5 10.00 10.00 10.37 8.89 6.30 7.78 5.56 12.96 4.07 0.27 0.20
DII,6 10.00 10.20 10.97 8.02 2.22 5.68 12.54 28.21 9.64 2.48 1.07
DII,7 10.00 10.19 11.12 7.29 -0.19 4.30 17.10 37.29 13.36 1.07 0.25
In Fig. (4) the same resulting corrections to the NJL coupling constants Gi,j is exhibited for the same parame-
terizations of the gluon propagators used in the above Tables by considering however the limit of M∗s →∞, with the
up and down quark effective masses: 0.30 and 0.35 GeV respectively. All these values were extracted numerically
for sufficiently large M∗s such as to garantee there is not considerably further variation for still larger M
∗
s , i.e., these
coupling constants Gij do reach a constant value atM
∗
s →∞. In the last column the absolute value of G11 that was
used to normalize all the values by means of Gn11. G33 is also independent of M
∗
s . In the channels G44, G66, G88, G00
there is a considerable reduction of the values but they all go to approximately the same ratio Gnij that is furthermore
independent of the gluon propagator parameterization. Systematically ratios are of the order of 4− 6.7.
Concerning the mixing coupling constants in the limit of M∗s →∞ there are also very general trends, being that
G03 and G38 remain in the same order of magnitude as the results with phenomenological values forM
∗
s . The mixing
G03 reaches nearly the same relative values of those shown in Table (2) for the same u-d mass difference. Whereas the
coupling constants G3,8 have different relative asymptotic values depending on the gluon propagator, but not very
different, the coupling G08 have an extremely large increase and reach very similar relative values close to G
n
08 ≃ 36.
It is interesting to note that this mixing channel should be the same of the one responsible for the (strong) η − η′
mixing. So seemingly, in addition to considering the UA(1) axial anomaly by means of ’t Hooft like instanton-based
interactions [2, 31], this polarization effect at largeM∗s mass, not necessarilyM
∗
s →∞, might explain η−η′ spectrum.
The pi0 mixing by its turn is also considerably smaller in this view as suggested by G0,3, G3,8. These issues will be
investigated with details elsewhere.
Table 4: Numerical results by using M∗u = 0.30GeV, M
∗
d = 0.35GeV, M
∗
s → ∞GeV, for the gluon propagators DI and DII
defined in Eq. (10) or Table (1).
Gluon prop Gn11 G
n
33 G
n
44 G
n
66 G
n
88 G
n
00 G
n
03 G
n
08 G
n
3,8 G11
GeV−2 GeV−2 GeV−2 GeV−2 GeV −2 GeV−2 GeV−2 GeV−2 GeV−2 GeV−2
DI,1 10.00 10.04 6.74 6.74 4.92 5.63 2.25 35.89 2.20 1396.0
DI,2 10.00 10.04 6.73 6.73 4.33 5.59 1.97 35.98 1.93 2.54
DII,1 10.00 10.07 6.75 6.74 4.10 5.66 3.63 35.98 3.55 445.8
DII,3 10.00 10.05 6.72 6.72 4.09 5.62 2.32 36.00 2.27 8.53
DII,5 10.00 10.00 6.71 6.71 4.11 5.62 1.64 36.03 1.51 0.73
DII,6 10.00 10.04 6.72 6.72 4.09 5.60 2.10 35.93 2.07 15.40
DII,7 10.00 10.05 6.72 6.72 4.09 5.60 2.25 36.00 2.20 9.80
In conclusion, quark-antiquark polarization with non degenerate quark masses induces flavor symmetry breaking
NJL-type quark interactions including mixing-type terms. All coupling constants are directly proportional to the
quark-gluon running coupling constant and they might depend strongly on the (effective) gluon propagator (and
effective gluon mass) used. Whereas the coupling constants Gij , that can be associated to the pseudoscalar channel or
almost-chirally symmetric coupling as it was defined, have a systematic behavior for all the effective gluon propagators
tested the coupling constants Gij,s are much weaker, eventually they might be negative, i.e. repulsive, and they
also depend strongly on the gluon propagator. The channels with strangeness develop smaller relative values and
mixing-type interactions Gi6=j might have relatively small or large values. These mixing effective coupling constants
are proportional to the effective quark mass differences, M∗s − M∗d or M∗d − M∗u. The pseudoscalar mixing-type
5
interactions should be related to the η − η′ − pi0 mixings. In particular for the very large M∗s , the strength G08 that
controls η − η′ mixing becomes very large whereas G03 and G38 present diverse behaviors being quite small. The
scalar mixing-type interactions, that might be large for phenomenological values ofM∗f , can be expected to be related
to the difficult problem of providing a description of all the light neutral scalar mesons in terms of quark-antiquark
states. This problem is outside of this work and it will be addressed elsewhere.
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